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ABSTRACT 


The  introduction  of  semi-inner  product  spaces 
made  possible  two  definitions  of  normal  operators  on  a 
Banach  space.  In  this  paper  we  find  the  relation  between 
the  two  kinds  of  normal  operators  and  investigate  some  of 
their  simple  properties.  We  also  use  the  semi-inner 


product  in  an  attempt  to  extend  the  concept  of  hyponormal 


operators  to  Banach  spaces. 
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GLOSSARY 


SYMBOL  OR  NAME 

DEFINITION 

f(a)  =  o(a)  as  <j(  ->  °  , 

I f (a) | 

-1 — * — —■ >  o  as  a  — >  o 
a 

'(p{ A)  ,  convex  hull  of  a  set  A  , 

The  smallest  convex  set 

containing  A  . 

p(T)  ,  resolvent  set  of  an 

The  set  of  all  complex  numbers 

operator  T  on  a  space  X  . 

A  such  that  (Al-T)  ^  exists 
as  a  bounded  linear  operator 

with  domain  X  . 

ct(t)  ,  the  spectrum  of  T  , 

The  complement  in  the  complex 

plane  of  the  resolvent  set  of  T  . 

Pcr(T)  ,  the  point  spectrum 

The  subset  of  cr(T)  for  which 

of  T  , 

(Al-T)  ^  is  not  one-to-one. 

r(T)  ,  the  spectral  radius  of  T  , 

sup  { |A  |  :  A  e  <t(t)  } 

M^  (£)  M  ,  the  direct  sum  of  the 
subspaces  M^,  M^^  of  a  space  X 

The  smallest  subspace  in  X 
containing  both  and  M^ 

where  M^  f]  M^  =  (Q)  . 

□■-Algebra  of  sets, 

A  family  F  of  subsets  of  a  set  X 
such  that  A  ,  A  ,  B  e  F  =>  A  f|  B  €  F  , 

k  oo 

X  -  A  e  F  and  U  A.  €  F  . 

k=l  k 

Borel  cr-Algebra  of  plane  sets, 

The  smallest  <x  -  Algebra  of  sub¬ 
sets  of  the  complex  plane  con¬ 
taining  all  rectangles. 

(v) 


SYMBOL  OF  NAME 

DEFINITION 

* 

T  ,  the  Hilbert  space  adjoint 

(Tx, y )  =  (x,T*y) 

of  an  operator  T  , 

Projection 

A  bounded  linear  operator  on  a 

2 

Banach  space  X  such  that  P  =  P 

In  the  case  of  a  Hilbert  space 

the  condition  P  =  P  is  also 

required . 

Algebra 

A  ring  R  which  is  a  linear 

space  and  satisfies  the  condition 

(ax)y  =  a(xy)  =  x(ay)  for  a  e  C 

x,y  e  R  . 

Division  Algebra 

An  algebra  such  that  every  element 
T  =[  o  ,  has  an  inverse. 

Boolean  Algebra  of  projections 

A  distributive  lattice  R  of 

projections  containing  two 

elements  0  and  I  such  that 

(i)  0  <  x  <  I  for  all  x  e  R 

(ii)  for  any  x  e  R  ^  there 

is  some  x'  e  R  such  that 

x  V  x*  =  I  ,  x  A  x*  =0  . 

Nilpolent  operator  T  , 

An  operator  T  for  which  there  is 
some  integer  n  such  that  TD  =  0 

Generalized  quasi- nilpotent 

An  operator  T  such  that 

operator  T 

lim  ||Tn||1'/n  =  0  . 

n  — *  oo  11  11 

A  positive  operator  T  in  a 

An  operator  T  such  that 

Hilbert  space  X  ,  T  >  0  T 

(Tx,x)  >  0  for  all  x  e  X  . 

CHAPTER  I 


PRELIMINARY  RESULTS  AND  NOTATION 


1.1  X  will  denote  a  complex  Banach  space  and  B(x)  will  denote 
the  associated  Banach  algebra  of  bounded  linear  operators  on  X  . 

1 .2  Semi-inner  product  spaces 

A  semi-inner  product  on  a  linear  space  Y  is  a  mapping 
[•,*]  from  Y  X  Y  into  ,  the  complex  field  such  that 

1.2.1  [x+y,z]  =  [x,z]  +  [y,z] 

[Ax,y]  =  A[x,y]  ,  for  all  complex  A  and 
all  x,  y,  z  e  Y  . 

1.2.2  [x,x]  >0  if  x  =[  0  ,  xeY 

1.2.3  |[x,y] |2  <  [x,x][y,y]  ,  x  and  y  €  Y  . 

A  semi-inner  product  space  (S.I.P.S)  is  a  linear  space  on 
which  a  semi-inner  product  is  defined.  These  definitions  were  introduced 
by  G.  Lumer  [12]  who  proved  the  following  results 

1.2.4  Every  semi-sinner  product  space  is  normed,  the  norm  of 

1/2 


a  point  x  being  [x,x] 


2 


1.2.5  Every  normed  linear  space  can  be  made  into  a  semi-inner 
product  space  in  such  a  way  that  the  norm  induced  by  the 
semi-inner  product  on  the  normed  space  coincides  with 
the  norm  on  the  space.  [In  general  this  can  be  done  in 
infinitely  many  ways.  There  is  a  unique  semi-inner 
product  on  a  normed  space  if  and  only  if  the  unit  sphere 
of  the  space  is  smooth.  In  particular  the  unique  semi- 
inner  product  on  a  Hilbert  space  is  the  inner  product.] 

1 . 3  The  numerical  range  of  an  operator  T  €  B(X)  . 

The  set  of  complex  numbers 

W(T)  =  {[Tx,x]  *.  [x,x]  =  1  ,  x  e  X) 

where  [*,*]  denotes  one  of  the  semi-inner  products  that  can  be 
introduced  on  the  space  X  in  the  manner  of  1.2.5,  is  called 
a  numerical  range  for  the  operator  T  .  It  follows  that  there 
are  many  numerical  ranges  of  an  operator  in  general,  depending  on 
which  semi-inner  product  is  introduced  on  X  .  This  definition  is 
due  to  G.  Lumer  [12]  who  also  proved  the  following  results: 

1.3.1  The  convex  hull  of  a  numerical  range  for  an  operator  on 
a  normed  linear  space  is  independent  of  the  semi- 
inner  product  used,  as  long  as  the  semi-inner  product 
yields  the  norm. 

1.3.2  In  particular,  if  the  numerical  range  of  an  operator 

T  is  real  for  one  semi-inner  product  introduced  on  X  in  the 


- 
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manner  of  1.2.5,  then  it  is  real  for  all  other  semi- 
inner  products  . 

1 .4  Hermitian  Operators 

An  operator  T  e  B(X)  is  said  to  be  hermitian  if  and  only 
if  its  numerical  range  with  respect  to  some  semi-inner  product 
introduced  on  X  in  the  manner  of  1.2.5  is  real.  By  virtue  of 
1.3.2,  it  is  clear  that  this  concept  of  hermiticity  does  not 
depend  on  the  semi-inner  product  used.  The  following  result  is 
due  to  G.  Lumer  [12]. 

1.4.1  An  operator  T  e  B(x)  is  hermitian  if  and  only  if 

||l+iaT||  =  1  +  o(a)  as  a  ->  o  , 

where  a  is  real  and  I  is  the  identity  operator  in 
B(X)  . 

This  result  establishes  the  equivalence  of  G.  Lumer ' s  definition 
of  hermiticity  and  that  given  by  I.  Vidav  [19]. 

1 .5  Reducibility  of  an  operator  T  €  B(x)  . 

An  operator  T  e  B(X)  is  said  to  be  completely  reduced  by 
a  pair  of  sub-spaces  M^,  of  X  if  and  only  if 


1.5.1 


X  =  Hx  ©  M2 
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1.5.2  ™1  c  M1  '  ™2  c  M2  * 

(See  [l8_,  page  268].) 


1 .6  Decomposition  Theorem. 

Let  T  e  B(X)  .  An  admissible  domain  for  T  is  any  bounded 
open  set  D  in  the  complex  plane  whose  boundary  consists  of 

a  finite  number  of  closed  rectifiable  curves  lying  in  the  resolvent 
set  p(T)  of  T  and  oriented  according  to  the  usual  convention 
in  the  complex  plane.  An  isolated  part  cr  of  cr(T)  ,  the 
spectrum  of  T  ,  is  any  subset  of  cr(T)  which  is  at  a  positive 
distance  from  its  complementary  part  cr*  =  cr(T)  -  c r  .  If  cr  is 
an  isolated  part  of  o*(t)  ,  then  there  exists  an  admissible 
domain  D  for  T  such  that  cr  =  cr(T)  n  D  .  In  this  case  we 
have  the  following  decomposition  theorem  [16,  p.  420-421]. 

There  exist  subspaces  M  ,  M  ,  of  X  such  that 

cr  crf 

1.6.1  X  =  M  0  M 

cr  crf 

1.6.2  TM  c;M  ,  TM  .  c  M  . 

cr  0*  crT  cr* 

I.6.5  Spectrum  of  T  |  =  cr 

cr 

T|m  =  <r(T)  -  0 •  =  or' 
cr* 


1.6.4 


Spectrum  of 
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1 .7  Spec tro-normaloid  operators 

An  operator  T  e  B(x)  such  that  |[t]|  =  max  {  |A  [  l  A  e  ct(t)]  , 
where  cr(T)  denotes  the  spectrum  of  T  ,  will  be  called  spectro- 
normaloid.  In  Hilbert  space  an  operator  T  is  spec tro-normaloid 

if  and  only  if  it  is  normaloid  [10,  p.  4l 6],  i.e.  ||T||  =  max  [|A|: 

A  €  W(T) )  . 

1 .8  The  property  SN 

A  set  of  operators  S  cz  B(X)  such  that  every  member  is 
spectro-normaloid  will  be  said  to  have  property  SN  . 

1 .9  Spectral  Operators  of  scalar  type 


be  the  c-algebra  of  Borel  subsets  of  the  complex 


plane  <£  .  Let  X  be  an  arbitrary  Banach  space  over  the  complex 


field.  The  function  p(.) 


measure  in  X  iff  the  following  hold  for  all 


1.9.1  pC^  n  a2)  =  p(a;l)p(a2) 


1.9.2  p(A1  u  a2)  =  p^)  +  p(a2)  -  p(a1)p(a2) 


1.9.3  p(<E  -  A)  =  I  -  p (a)  ,  where  I  is  the  identity 
operator  in  B(x)  . 


There  exists  a  constant  M  such  that  [[ p ( A)  |]  <M  for 


all  A  e 


1.9.4 
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It  follows  from  I.9.I  that  p(A)  =  [p(A)}  for  all  A  e 
and  hence  that  p(»)  is  projection-valued.  Thus  the  range  of 
p(»)  is  a  bounded  Boolean  algebra  of  projections. 


A  subset  T  of  X’  ,  the  conjugate  space  of  X  ,  is  said 
to  be  total  if  f(x)  =  0  for  every  f  e  r  implies  x  =  0  .  If 
r  is  a  total  subset  of  X1  ,  then  the  spectral  measure  p(*) 
is  said  to  be  T-completely  additive  if 


1.9.5 


For  any  pairwise  disjoint  sequence 
have  for  all  x  €  X  and  all  f  e  r 


we 


Ak)x) 


f[p(\)*3 


An  operator  T  e  B(x)  is  called  a  spectral  operator  if  there 
exists  a  T-completely  additive  spectral  measure  p(.)  in  X  such 
that  the  following  conditions  hold: 


1.9.6 
1.9. 7 


T  commutes  with  p(A) 


for  all 


Let  X^  =  p(A)X  and  =  p(A)T  .  If  u  e  X^  ,  then 

u  =  p(A)x  for  some  x  €  X  .  Hence 


Tau  =  p(A)Tu 

=  p(A)Tp(A)x 
=  p(A)2Tx  , 

assuming  I.9.6  holds.  That  is  T^u  =  p(A)Tx  since 
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{p(A)j2  =  p(A)  . 


Thus  Tau  =  p(A)(Tx)  €  X.  .  Hence  T.u  e  X.  and  so  T.  maps 
A  j  \  j  a  A  A  A 

XA  into  itself.  That  is  TA  €  B(Xa).  The  condition  to  be  satisfied 
A  A  '  A 

is  that  the  spectrum  of  T^  considered  as  an  element  of  B(X^) 
must  be  contained  in  the  closure  of  A  . 

When  T  is  a  spectral  operator  the  spectral  measure  p(*) 
is  called  a  resolution  of  the  identity  for  T  .  For  such  an 
operator  T  ,  N.  Dunford  [5,  pages  3‘-9~330]  has  proved  the 
following  results: 


I.9.8  p(«)  is  unique 


1.9.9 


Any  operator  which  commutes  with  T 
p(A)  for  all  A  e  . 


commutes  with 


Let  T  be  a  spectral  operator  with  resolution  of  the  identity 
p(»)  .  Let  cr(T)  j  the  spectrum  of  T  ,  which  is  compact,  be 
partitioned  into  disjoint  non-void  Borel  sets  A^,  A^,  . ..,  A^ 
whose  diameters  are  each  less  than  6  ,  6  being  an  arbitrary 

positive  number.  Let  us  define  [|jt||  ,  the  norm  of  such  a  partition 
it  =  ( A^ ,  ,  .  « « t  A^ )  as 

valued  or  operator-valued  function  f  defined  on  cr(T)  if 


max  [diam  A  }  .  For  a  scalar' 

1  <  i  <  n  i 


n 


lim  ^ 
i=l 


o 
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1.10 


exists  independently  of  the  choice  of  jt  and  A.  e  A. 

11 

[i  =  l,2,...,n)  ,  we  say  that  f  is  integrable  and  def 


ine 


r  f(A)P(dA)  , 

-'cr( 


■(T) 


the  integral  of  f  ,  as  the  limit 


n 


II*  II 


lira  V  f(A  )p(A  ) 

— >  o  /—* 


i=l 


which  is  taken  in  the  uniform  operator  topology.  Thus 


n 


1.9-10 


o-(X) 


f (X)p(dX)  =  lim  y  f(A  )p(A  ) 

11*1  -  °  u 


A  spectral  operator  T  such  that 


T  =  /  Ap(dA) 
•M T) 

is  said  to  be  of  scalar  type. 


Gelfand  Theory  of  Commutative  Banach  Algebras 


A  Banach  algebra  Y  is  an  algebra  which  is  also  Banach  space 
such  that  ||x  y||  <  ||x||||y||  for  all  x,y  €  Y  .  Let  Y  denote  a 
complex  commutative  Banach  algebra  with  identity  e  of  norm  1  . 

A  non-empty  subset  I  of  Y  is  called  an  ideal  if 


1.10.1 


I  is  a  subspace  of  Y 
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1.10.2  x  e  I  ,  y  e  Y  =>  xy  e  I 

An  ideal  I  is  proper  if  I  ^  Y  .  A  proper  ideal  M  is  said  to 

be  maximal  if  the  only  ideal  that  contains  M  properly  is  all  of 

Y  .  A  maximal  ideal  is  closed.  Since  Y  is  a  complex  commutative 
Banach  algebra  with  identity  e  ,  it  follows  that  the  quotient 
algebra  Y/M  is  also  a  complex  commutative  Banach  algebra  with 
identity  e  +  M  ,  M  being  any  maximal  ideal. 

Now  Y  is  also  a  commutative  ring  with  identity  and  since 
M  is  a  maximal  ideal  in  Y  ,  it  follows  by  the  Gelfand -Mazur 
theorem  that  since  Y/M  is  a  complex  Banach  algebra  with  identity 
as  well  as  a  division  algebra,  it  is  isomorphic  to  the  complex 
field.  It  is  also  clear  from  the  proof  of  this  result  [1,  p.  42] 

that  given  y  and  M  ,  there  exists  a  complex  number  y(M) 

which  corresponds  to  y  +  M  in  the  isomorphism,  such  that 
y  +  M  =  y(M)  (e  +  M)  .  Thus  using  the  natural  homomorphism 

Y  -> Y/M  we  may  map  Y  onto  the  complex  field  as  follows 


Y  — » Y/M  — > complex  field 


where  y  -»  y  +  M  —>  y(M) 


Suppose  we  now  fix  y  and  let  M  vary  over  the  set  of  all  maximal 


ideals 


in  Y  .  Then  y  determines  a  unique  function  y 
such  that  y(M)  =  y(M)  .  Thus  if  we  let 

■  /V 

denote  the  set  of  all  these  complex-valued  functions  y  , 


* 
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we  obtain  a  homomorphism  from  Y  into  the  algebra  of  complex¬ 
valued  functions  C(j\4-)  . 

This  homomorphism  has  the  following  properties: 


A 


1.10.3  X1  +  x2  =  X1  +  X2 

1.10.4  ax  =  a  x 

A  A 

1.10.5  KlX2  =  X1  X2 

1.10.6  “e  =  1 

We  also  have  the  properties 

1.10.7  o-(y)  =  (y(M)  :  M  e  JL  } 

1.10.8  r (y )  =  sup  f  | y (M)  |  :  M  e  JA-  ) 

The  set  JL  can  be  topologised  by  giving  it  the  weakest  topology 
with  respect  to  which  all  the  functions  [y]y -y  are  cont:*-nuous  • 
This  is  the  Gelfand  topology  on  _A1~  .  With  respect  to  this 

topology  we  have  the  following  results: 


1.10.9 


is  a  compact  Hausdorff  space 


ycY 


1.10.10  All  the  functions  [y] 


are  continuous  on 


11 


1.11  Some  results  due  to  E.  Berkson 

1.11.1  If  A  is  a  commutative  Banach  algebra  and  if  every 

a  e  A  can  be  written  in  the  form  a  =  s  +  it  ,  where 
s  and  t  are  hermitian  operators  belonging  to  A  , 
then  for  all  a  e  A  ,  we  have  ||a||  =  r(a)  ,  the 
spectral  radius  of  a  .  [3,  p.  5] 

1.11.2  Suppose  X  is  reflexive.  If  T  is  a  spectral  operator 
of  scalar  type  then  there  exist  operators  u,  v  e  B(X) 

such  that  (i)  T  =  u  +  iv  (if)  uv  =  vu  ,  (fii)  relative 
to  some  norm  on  X  equivalent  to  the  given  norm,  u™  vn 
are  all  hermitian  for  m,  n  =  0,  1,  2,  . . . 

[2,  P.  371] 

1.11.3  11  X  Is  reflexive  and  T  =  u  +  iv  where  u,v  e  B(X)  , 
uv  =  vu  and  relative  to  some  norm  on  X  equivalent  to 
the  given  one,  we  have  um  v11  hermitian  for  m,  n  =  o  , 
1,2,...,  then  T  is  spectral  of  scalar  type. 

[2>  P-  371] 

1 . 12  A  result  due  to  S.  R.  Foguel 

If  T  e  B(x)  is  spectral  of  scalar  type,  then  there  exist 
operators  R,  S  e  B(X)  such  that 
(i)  T  =  RS  =  SR 


(ii)  cr(R)  is  a  set  of  non-negative  real  numbers  and  <x(s)  is  a 


12 


subset  of  the  unit  circle. 

[Theorem  2,  7 >  P*  61] 

1 . 13  Normal  Operators  on  a  Hilbert  Space 

If  T  is  a  normal  operator  on  a  Hilbert  space,  the  following 
hold  (see  [16]  and  [ 18 ] )  ; 

1.13.1  T  =  /  A  p(dA)  where  p(.)  is  the  resolution  of 

Jcr(T) 

the  identity  for  T  . 

1.13.2  AT  and  A  +  T  are  normal  for  all  complex  A 

1.13.3  M  =  r  (T) 

1.13.4  Tn  is  normal  for  all  non-negative  integral  n 

1.13.5  There  exist  operators  R,  S  where  R  is  unitary  and 
S  is  positive  such  that 

T  =  RS  =  SR 

.  * 

1.13.6  T  ,  the  adjoint  of  T  is  normal  and  conversely. 

1.13.7  Any  operator  which  commutes  with  T  ,  commutes  with 
p(A)  for  all  A  . 

1.13.8  If  S  is  an  operator  such  that  ST  =  TS  ,  then 

} 


S  +  T  and  TS  are  both  normal. 
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1.13.9  If  a  subspace  M  of  X  reduces  T  ,  then  T  |^  is 
normal . 

1.13.10  The  limit  in  the  uniform  operator  topology  of  a  sequence 
of  normal  operators  is  normal. 

1 .14  Hyponormal  operators  on  a  Hilbert  space  . 

An  operator  T  on  a  Hilbert  space  H  is  said  to  be  hyponormal 
if  ||T  x||  <  ||Tx||  for  all  x  e  H  .  The  following  results  hold: 

1.14.1  T  is  hyponormal  if  and  only  if 

T  T  -  TT  >  0  . 

Proof ! 

Suppose  T  is  hyponormal.  Then  for  all  x  e  H  , 

(T*Tx,x)  =  (Tx,Tx)  =  ||Tx||2  >  ||T*x||2 

=  (T  x,T  x) 

=  (TT*x,x) 

*  * 


i.e.  T  T  - 

TT 

>  0  . 

Now  suppose 

* 

T  T 

* 

-  TT  >  0  .  Then  for  all  x  e  H  , 

11  *  m2  ,  *  *  N  x  N 

||T  x ||  =  (T  x,T  x)  =  (TT  x,x)  <  (T  Tx,x) 

=  (Tx,Tx) 


i.e.  T  is  hyponormal. 


-  14  - 


1.14.2  If  T  is  hyponormal  then  so  are  AT  and  T+A  for 
all  complex  A  . 


Proof  * 

Since  T  is  hyponormal,  we  have 

( [T*T  -  TT*]x,x)  >0  for  all  x  €  X  . 

Nov 

( [ (At)* (At)  -  (AT)(AT)*]x,x) 

=  ([A  T*AT  -  ATA  T*]x,x) 

=  |A|2  ([T*T  -  TT*]x,x)  >  0  . 

Hence  AT  is  hyponormal 

( [T+A)*(T+A)  -  (T+A) (T+A)*]x, x) 

=  ( [ (T*+A  )(T+A)  -  (T+A) (T*+A  )]x,x) 
=  ( [T*T  -  TT*]x,x)  >  0  . 


Hence  T+A  is  hyponormal. 


1.14.3  If  I  is  hyponormal,  then  ||T[|  =  r(T)  ,  the  spectral 
radius  of  T  , 


[Theorem  1,  p.  l453>  IT] 


1.14.4 


If  T  is  hyponormal  and  M  c  X  is  invariant  under  T  , 

then  T  L,  is  also  hyponormal. 
lM 
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Proof l 


T  x  <  Tx  for  all  x  e  H 


In  particular, 


||T  x||  <  ||Tx ||  for  all  x  e  M 


Hence  we  have 


1.14.4.1 


|T  lMxll  <  l|T|^l! 


Now  M  c:  X  is  closed  subspace  and  so  is  a  Hilbert  space.  It 


then  that 


and  so 


But 


that  is 


Thus 


(T  |M)  :  M  ->M 


(T  |M)  :  M  -  M 


*  *  * 
t  :  x  ->  x  , 


t  :  x  -» x 


T  L,  :  M  ->  M 


Let  x  e  M  be  arbitrary.  Then  for  all  y  e  M  we  have 


([T|m]  x,y)  =  (x,[T|Mly) 

=  (x,Ty) 

*  (T*x,y) 

=  (T*lMx»y)  • 


follows 


. 
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In  particular,  putting  y  =  (T |  )  x  €  M  we  have 
([T|Mfx,  [T|Mfx)=  (T*|mx,  [T|m]*x)  . 

Thus 

||(T|/x||2  =  1(1*1^,  [T|/x)| 

<  ||t*  |mx||  •  ||  (T  |/x|| 

by  Schwarz’s  inequality 

<  B(t|m)*||  •  II(t|m)*xII  , 

by  1.14.4.1. 

Hence 

II(t|m)*x||  <  ||(t|m)x|| 

for  all  x  e  M  and  so  T|  is  hyponormal. 
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CHAPTER  II 


PSEUDONORMAL  AND  NORMAL  OPERATORS 


2 . 1  Pseudonormal  Operators 

An  operator  T  e  B(x)  will  be  called  pseudonormal  if  and  only 
if  it  can  be  written  in  the  form  T  =  u  +  iv  where  u  and  v  are 
hermitian  operators  in  B(x)  such  that  uv  =  vu  .  Lumer  [13] 
called  these  operators  normal  and  showed  that  u  and  v  are 
unique.  We  shall  call  u  and  v  the  components  of  the 
pseudonormal  operator  T  . 

2 .2  Normal  Operators 

An  operator  T  e  B(X)  will  be  called  normal  if  and  only  if 
it  can  be  written  in  the  form 

T  =  u  +  iv  ,  where  uv  =  vu  , 

u  and  v  €  B(x)  and  u™  vR  are  all  hermitian  operators  for 
m,  n  =  0,1,2,...  .  This  definition  is  due  to  E.  Berkson  [3] • 
Clearly  normal  operators  are  pseudonormal. 
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2.3  Theorem:  Let  u,  v  e  B(x)  be  two  commuting  operators.  Let  Bq(X) 

be  the  closed  subalgebra  of  B(x)  generated  by  I  ,  u 
and  v  .  Then  u  and  v  hermitian  implies  um  v° 
hermitian  for  all  m,  n  =  0  ,  1,  2,  ...  if  and  only 
if  Bq(x)  has  property  SN  . 


Proof: 

(i)  Sufficiency 

B  (X)  is  a  commutative  Banach  algebra  with  identity.  Hence 

by  the  Gelfand  representation  theory  (1.10)  we  have  a  homomorphism 

from  B^(X)  into  C  J.  )  ,  the  space  of  continuous  functions  over 

the  maximal  ideal  space  A  .  Since  u  and  v  are  hermitian  operators, 

£ 

cr(u)  and  cr(v)  are  real  [9,  p.  5^8]  .  Thus  by  1.10. 7  we  have 


2.3.1  U(M)  and  V(M)  are  real  for  all  M  e 


A 


Let  t  be  real.  Since  I  +  it  um  vn  e  Bq(x)  anc*  B  (x)  has  property 


m  n 


SN  ,  it  follows  that  I  +  it  u  v  is  spec tro-normaloid  and  so  by 
1.10.8  we  have 


_  .  m  n  11  ,  _  , .  ui  n .. 

I  +  it  u  v  ||  =  r{I  +  it  u  v  } 


m  n 


=  sup  |(l  +  it  um  vn)(H) 

M  eAi 


This  also  follows  from  a  more  general  result  of  J.  P.  Williams 0  See 

[20], 


. 
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Thus 


2.3.2 


|jl  4-  it  uU  vn[|  =  sup  [(I  4-  it  uV)  (K) 

K  til 


^  Un  A 


TD  n 

Since  (l  4-  it  u“V")  (M)  is  a  complex- valued  continuous  function  over  the 
compact  Hausdorff  space  J'i L  ,  by  1.10.9  and  1.10.10,  it  follows 
that  j (i  4-  it  u  v  )  (M)  |  is  a  real-valued  continuous  function  over 
Hence  there  exists  M  e  Ji  such  that 


sup  [  (i  4-  it  uV)  (M)  J 
M  eJL 


I  (I  +  it  uv“)  (Mo) 


Hence  by  1.10.3  to  1.10.6  we  have 


sup  I  (i  4-  it  uV)  (M)  I  =  ]  (l  +  it  u“vn)  (H  ) 
M  eJl  '  ° 


=  |l(M  )  +  it(u(M  )f{v(H  ))n| 


=  ll  +  it  X 


I  f- 


where  a  =  {u(M  is  real  by  2.3.1.  Hence  by  2.3.2  we  have 

o 


n 


lx  4-  it  u  v 


=  ll  +  it  X 


2  2 

=  N/l  -r  t  ~A~  j  since  Xt  is  real 


i  1  2\2 

=  1  4-  g  t  X 


=1+  o(t)  ,  as 
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Thus  by  the  equivalence  of  Lumerfs  and  Vidav’s  hermiticity  [1.4.1] 
it  follows  that  umyn  are  hermitian  operators  for  all  m, n  =  0,1,2,...  . 

(ii)  Necessity 

We  shall  use  the  following  lemma  which  was  essentially 
established  by  E.  Berkson  [2]  .  A  variant  of  his  proof  will  be  given 
here  for  the  sake  of  completness: 

2.3.3  Lemma 

If  B  is  a  subset  of  B(X)  such  that  every  b  e  B 

can  be  written  in  the  form  b  =  s  +  it  where  s  and 

t  are  hermitian  operators  in  B  ,  then  every  c  e  B  , 

the  closure  of  B  ,  can  be  written  in  the  form  c  =  s  +  it 

7  00 

where  s  and  t  are  hermitian  operators  in  B  . 

00 

By  hypothesis,  we  have  uv  =  vu  and  umvn  hermitian  for  all 

m, n  =  0, 1,2, . . . 

Let  B  denote  the  class  of  polynomials  in  u  and  v  with  complex 
coefficients.  Then  B  is  a  commutative  subalgebra  of  B(x)  ,  B  , 
being  the  closed  subalgebra  of  B(X)  generated  by  I  ,  u  and  v 

is  also  commutative.  Thus  B  =  B  (X)  is  a  commutative  Banach 

o 

algebra.  Since  every  P  e  B  is  a  polynomial  in  u  and  v  with 
complex  coefficients,  each  P  e  B  can  be  written  P  =  R  +  iJ  ,  where 
R  and  J  are  polynomials  in  u  and  v  with  real  coefficients.  Since 
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unvm  are  all  hermitian  for  m, n  =  0,1,2,...,  R  and  J  are  also 
hermitian.  Furthermore  R  and  J  belong  to  B  . 

Hence  by  lemma  2.3.3*  every  element  C  e  B  =  Bq(x)  can  be  written  in 

the  form  C  =  R  +  i  J  where  R  and  J  are  hermitian  and  belong 

o  o  o  o 

to  B  (X)  .  Thus  BQ(X)  is  a  commutative  Banach  algebra  such  that 

every  C  e  B  (X)  can  be  written  in  the  form  C  =  R  +  i  J  where 
o  o  o 

R  and  J  are  hermitian  operators  in  B  (X)  .  It  follows  by 
o  o  o 

1.11.1  that  for  all  T  e  B  (x)  we  have 

o 

||T||  »  r(T)  . 

Thus  Bq(x)  has  property  SN  . 

Now  to  prove  lemma  2.3*3*  let  C  e  B  .  Then  there  exists  a  sequence 

fc  }  .  €  B  such  that  c  -»  c  as  n  -» °o  . 

*■  nJn=l  n 

Since  c  e  B  ,  it  follows  that  c  =  s  +  i  t  where  s  and  t 
n  7  n  n  n  n  n 

are  hermitian  operators  belonging  to  B  . 

Let  ||x||  =  1  =  [x,x]1//2 
Then 

|[(vsm)x,x]  +  i[tn-tm)x,x]| 

=  Uf(Vitn)  '  (sm  +  ll:mhx.x]| 

=  |[(cn-cm)x>Kh 


Hence  by  1.2.3,  we  have 


• 
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2.3.5  |[(sn-sm)x,x]  +  i[(tn-tjx,x]| 


<  C  -c  . 

n  m" 


Since  s  ,  s  ,  t  ,  t  are  all  hermitian,  so  are  s  -s  and  t 
n'  m  n  m  n  m 

Hence  [(s  -s  )x,x]  ,  [(t  -t  )x,x]  are  both  real.  Thus 

v  n  nr  7  ’  v  n  nr  ’ 


I  [ (s  -s  )x,x]  +  i[(t  -t  )x,x]  I 
1  v  n  nr  ’  L  v  n  nr  ’  1 


=  J[( s  -s  )x,x]2  +  [(t  -t  )x,x]2 


n  ra 


n  m' 


It  follows  by  2.3.5  that  we  have 


2.3.6  I  [  ( s  -s  )x,x]  I  <  ||c  -c 
‘'nnr'1  —  "nm 


|[t  -t  )x,x]  I  <  | [ c  -c  || 
1  n  m  1  —  11  n  m" 


But  for  all  operators  T  €  B(x)  we  have  [2,  p.  $66] 


sup  |[Tx,x]|  <  ||T||  <4  sup  |[Tx,x]| 
x||  =  1  llxll  =  1 


Thus  by  2.3.6  we  have 


s  -s  ||  <  4||c  -c 
n  m"  —  11  n  m 


t  -t  ||  <  4||c  -c 
n  m"  —  11  n  m 


-t  . 
n  m 


2. 3. 7 
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Since  lcn->n-i  convergent,  it  follows  by  2.3.7  that  both  sequences 

,  V30  r  -,00 

Is  j  ,  ,  It  j  ,  are  convergent. 
u  nJn=l  7  c  n7n=l 


Let  Lt  t  =  t 
n  o 

n  — » 00 


Lt  s 

n 

n  — >  00 


s 

o 


Then  c 


Lt  c  =  s  +  it 
no  o 

n  “>  co 


Let  e  be  an  arbitrary  positive  real  number.  Then  there  exists 
N  =  N(e)  ,  a  positive  integer,  such  that  for  all  m  >  N  we  have 


2.3.8  [js  -s  ||  <  €  ,  ||t  -t  ||  <  e 

11  o  m"  7  11  o  mM 

Hence  |jl  +  its  ||  =  ||l  +  its  -  its  +  its  || 

11  o  mm  o 

<  ||l  +  its  ||  +  It  |  || s  -s  || 

■ —  11  m"  *  1  u  o  m 

<  1  +  °(t)  +  |t  |  €  as  t  0  . 


Since  €  is  arbitrary  and  the  left  hand  side  is  independent  of  it, 
it  follows  that 


I  +  its  ||  <  1  +  o(t)  as  t  — >  0 


By  a  remark  in  [19,  p°  122]  this  implies 


I  +  itsQ||  =  1  +  o(t)  as  t  -»  0 


Hence  s^  is  a  hermitian  operator.  Similarly  tQ  is  a  hermitian  operator 
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Since  t  and  s  belong  to  B  ,  s  and  t  belong  to  B  .  Thus 
n  n  o  ,  o  o 

c  =  +  it^  where  and  t  are  hermitian  operators  belonging  to 


2.4  Remarks 

2.4.1 

If  X  is  a  Hilbert  space,  then  since  the  product  of  any 

two  commuting  hermitian  operators  is  hermitian,  we  have 

by  2.3  that  the  closed  subalgebra  of  B(X)  generated  by 

any  two  commuting  hermitian  operators  and  the  identity 

operator  always  has  property  SN  .  From  a  result  of 

C.  A.  McCarthy’s  [14],  G.  Lumer  [13]  has  deduced  the 

existence  of  a  hermitian  operator  L  €  B(X)  ,  where 

X  is  reflexive  but  non-Hilbert,  whose  powers  are  not 

all  hermitian.  In  this  space  X  ,  the  closed  subalgebra 

of  B(X)  generated  by  two  commuting  hermitian  operators 

and  the  identity  operator  need  not  have  property  SN  . 

2.4.2 

Using  the  operator  L  in  2.4.1  let  us  form  the  family 

L  +  Al  ,  where  A  is  real  and  I  is  the  identity 

operator .  Each  member  of  this  family  is  pseudonormal 

but  not  normal. 

2.4.3 

It  is  clear  from  2.3  that  a  pseudonormal  operator  which 

It  is  clear  from  2.3  that  a  pseudonormal  operator  which 
is  such  that  the  closed  subalgebra  of  B(X)  generated 
by  its  components  and  the  identity  operator  has  property 


■ 
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SN  ,  is  normal.  Thus  on  a  Hilbert  space  pseudonormal 
and  normal  operators  coincide. 


2.5  Some  properties  of  normal  and  pseudonormal  operators 

2.5-1  Let  X  be  reflexive.  If  T  e  B(X)  is  normal,  then 
T  is  spectral  of  scalar  type  and  so  has  the  spectral 
representation 

T  =  f  Ap(dA)  , 

•Ml) 

where  P(.)  is  the  resolution  of  the  identity  for  T  . 
If  T  is  spectral  of  scalar  type,  then  there  exists  a 
norm  on  X  equivalent  to  the  given  norm  relative  to 
which  T  is  normal. 


Proof : 

Since  T  is  normal,  we  have  T  =  u  +  iv  where  uv  =  vu  and 
umvn  are  hermitian  operators  for  all  m,n  =  0,1,2,...  .  Hence  by  1.11. 5, 
T  is  spectral  of  type  and  so 

T  =  /  AP(dA)  . 

J  cr(T) 

Now  suppose  T  is  spectral  of  scalar  type.  Then  by  1.11.2  there  exist 
operators  u,v  €  B(x)  such  that  T=u+iv,  uv  =  vu  and  relative 
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m  n 

to  some  norm  on  X  equivalent  to  the  given  norm,  u  v  are  hermitian 
operators  for  m,n  =  0,1,2,...  .  Relative  to  this  norm,  T  is  normal. 

2.5.2  If  T  e  B(x)  is  normal,  then  so  are  AT  and  T  +  A 
for  all  complex  A  . 


Proof : 


m  n 


Let  T  =  u  +  iv  ,  where  uv  =  vu  and  u  v  are  hermitian 
operators  for  m,n  =  0,1,2,...  . 

Let  A  =  A^  +  iA^  ,  where  A^  and  A^  are  real.  Then 


AT  =  (A^  +  iA^)(u  +  iv) 


=  (AjU  -  Agv)  +  i (A^u  +  A-jv)  . 

Since  A^,  A^  are  real,  (A^u  -  A^v^A^u  +  A^v)N  is  a  polynomial 


in  u  and  v  with  real  coefficients  for  M,N  =  0,1,2,... 

m  n  .  .  ,  _ ,  ...  ^  \M 


Since 
N 


every  term  u  v  is  hermitian  it  follows  that  (A^u-A^v)  (A^u+A^v) 
is  also  hermitian. 


Now  (A^u-Agv) (A^u+A^v) 

2  2  2  2 
=  A^A^u  +  A^vu  -  Aguv  -  A^A^v  ,  since  uv  =  vu 

=  (Agu  +  A^v) (A^u  -  A2v) 


Hence  AT  is  normal 


«■ 
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T  +  A  =  (u  +  iv)  +  (A^  +  iA^) 

=  (u  +  \)  +  i  (v  +  A2) 

For  M,N  =  0,1,2,...  ,  (u  +  A^)**(v  +  Ag)^  is  a  polynomial  in  u  and 
v  with  real  coefficients  and  since  every  term  umvn  is  hermitian  for 
m,n  =  0,1,2,...  ,  it  follows  that  (u  +  A^)^(v  +  A^)^  is  also  hermitian 
for  all  M,N  =  0,1,2,  ...  . 

Now  (u  +  A^) (v  +  A2) 

=  vu  +  A^u  +  A^v  +  A^A^  ,  since  uv  =  vu 

=  (v  +  A2)(u  +  A^ 

Hence  T  +  A  is  normal.  The  result  2.5.2  is  easily  seen  to  hold  for 
pseudonormal  operators  T  €  B(X)  . 

2.5*3  If  T  e  B(X)  is  normal,  then  Tn  is  normal  and  spectro- 
normaloid  for  all  non-negative  integral  n  . 

Proof : 

s  t 

Let  T  =  u  +  iv  where  uv  =  vu  and  u  v  are  hermitian 
operators  for  all  s,t  =  0,1,2,...  . 

Tn  =  (u  +  iv)n 


=  P  +  iQ 


y 
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where  P  and  Q  are  commuting  polynomials  in  u  and  v  with  real 

M  N 

coef  f icients  o  Also  P  Q  is  a  polynomial  in  u  and  v  with  real 

■  s  t 

coefficients  for  M,N  =  0,1,2,...  .  Since  each  term  u  v  is  hermitian 

M  N 

for  s,t  =  0,1,2,...  ,  it  follows  that  P  Q  is  hermitian  for  M,N  = 
0,1,2,...  .  Thus  Tn  is  normal.  Now  T*1  =  P  +  iQ  belongs  to  the  closed 
subalgebra  of  B(X)  generated  by  u,v  and  the  identity  operator  I  , 
and  since  by  2.3  this  closed  subalgebra  has  property  SN  ,  it  follows 
that  T<n  is  spectro-normaloid . 

2.5.4  If  T  is  normal  and  X  is  reflexive  then  there  exist 
operators  R, S  €  B(x)  such  that 

(i)  T  =  RS  =  SR 

(ii)  ct(r)  is  a  set  of  non-negative  real  numbers 
and  cr(s)  is  a  subset  of  the  unit  circle. 

Proof : 

By  2.5.1>  since  T  is  normal  and  X  is  reflexive,  T  is 
spectral  of  scalar  type.  Hence  by  1.12  the  result  follows. 

2.5.5  Lemma  If  X  is  reflexive,  then  an  operator  T  e  B(X) 

is  hermitian  if  and  only  if  T*  ,  the  adjoint 
of  T  ,  is  hermitian. 
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Proof ; 

Let  T  €  B(x)  be  hermit ian.  Then.  W(T)  =  {[Tx,x]  ;  ||x||  =  1 
and  x  €  X}  is  real.  Since  X*  ,  the  conjugate  of  X  ,  is  a  Banach 
space  we  may  introduce  a  semi-inner  product  on  it.  By  the  Hahn-Banach 
theorem  in  X1  ,  there  exists  for  an  arbitrary  but  fixed  f  e  X?  ,  an 
e  X"  such  that 

2.5.501  Ff(f)  =  ||f||2  and  ||Ff||  =  ||f||  . 

Thus  we  may  define  a  semi-inner  product  [»,.]»  on  X*  by  requiring 

2. 5. 5.2  [g,f]»  =  Ff(g)  ,  g  e  X*  . 

Let  ||f||  =  1  and  consider  [T*f,f]*  .  By  2.5. 5°2  we  have 

[T*f,f]?  =  Ff(T*f) 

Since  X  is  reflexive,  there  exists  a  unique  x^  e  X  such  that 

Ff(T'f)  =  (T'£)(xf) 

and 

IK  II  -  l|Ff||  . 

Thus, 

2. 5- 5. 3  [T'f,f]>  =  Ff(T'f) 

«  (X*f)(x£) 

•=  f(Txf)  , 


- 
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by  the  definition  of  T*  • 

Now  x^  corresponds  to  in  the  canonical  mapping.  Hence  F^(f) 

f(xf)  o  Thus  by  205»5»1> 

f(Xf)  =  Ff  (f)  =  ||f||2  =  ||Fff  =  ||x£||2 

and 

l|f||  =  IlFfll  -  INfll  • 

Hence 

f(xf)  =  ||x£||2 

and 

M  -  ll*fll  . 

Let  us  now  define  a  semi-inner  product  [•^°]^  on  X  where  we  use 
the  function  f  at  the  point  x^  ,  that  is  such  that 

[y,xf]l  =  f(y)  for  all  y  e  X  . 

Then  by  2. 5. 5*3/  we  have 

[T!f,f]»  =  f(Txf) 

=  [Txf/xf]1 

Since  ||x^[[  =  ||f||  =  1  ,  it  follows  that  [Tx^,x^]^  €  W^(T)  ,  the 
numerical  range  of  T  determined  by  the  semi-inner  product  [°,*]^ 
on  X  o  Since  W(t)  is  real,  we  have  by  1.3.2  that  any  other  deter¬ 
mination  W^(T)  of  the  numerical  range  of  T  is  real. 
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In  particular,  [Tx^,x^]^  is  real. 

Hence  [T’f,f]‘  is  real.  Since  f  e  X'  is  arbitrary  with  [|f||  =  1  , 
it  follows  that  the  numerical  range  of  T*  determined  by  the  semi- 
inner  product  [*,•]'  on  X1  is  real.  Thus  Tl  is  a  hermitian 
operator  on  X*  . 

Suppose  now  that  T’  is  a  hermitian  operator  on  X*  .  Then 
by  what  has  been  proved  TM  is  a  hermitian  operator  on  X"  =  X  ,  X 
being  reflexive.  Also  T"  =  T  .  Thus  T  is  a  hermitian  operator  on  X  . 

Remark . 

It  follows  from  the  property  ||T||  =  |]T’||  and  1.4.1  that 
lemma  2.5-5  holds  for  non-reflexive  Banach  spaces  also. 

2.5-6  If  X  is  reflexive,  then  an  operator  T  €  B(x)  is 
normal  if  and  only  if  T*  ,  the  adjoint  of  T  ,  is 
normal . 


Proof: 

Suppose  T  is  normal  and  let  T  =  u  +  iv  where  uv  =  vu 
and  umvn  are  hermitian  for  all  m,n  =  0,1,2,...  .  Now  T*  =  uf  +  iv* 
and 

(uv)'  =  vTuf  =  (vu)'  =  u’v1 


Since 


m  n 
u  v 


are  all  hermitian  we  have  by  2.5-5  that 
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are  hermitian  for  all  m,n  =  0,1,2,...  .  Hence  T*  is  normal. 

Now  suppose  that  T*  is  normal.  Then  by  the  immediately  preceeding 
argument  we  have  T"  normal.  This  implies,  since  T"  =  T  ,  that 
T  is  normal. 

The  result  2.5*6  clearly  holds  for  pseudonormal  operators 

T  €  B(X)  c 

2.5*7  Fuglede!s  theorem 

Let  X  be  reflexive.  Let  T  €  B(X)  be  normal.  Then 
any  operator  B  e  B(x)  which  commutes  with  T  , 
commutes  with  P(a)  for  all  A  e  Sf  (see  1.9)  , 

where  P(*)  is  the  resolution  of  the  identity  for  T  , 
(see  [8])  . 

Proof : 

Since  T  is  normal,  it  follows  from  2.5*1  that  it  is  spectral 
(of  scalar  type).  Hence  the  result  follows  from  1.9*9* 


2.5.8 


Let  X  be  reflexive.  Let  S,T  e  B(x)  be  normal  and 


suppose  that 

S  =  u  +  iv  ,  T 
s  s  7 

=  UT  + 

iv  where 

T 

u_vm  =  v_u  and 

m 

n 

m  n 

u  v  =  v  u  , 

u 

V 

,  um  vm 

s  s  s  s  7 

T  T  T  T 

s 

s 

>  T  T 

hermitian  operators  for  all  m,n  =  0,1,2,...  .  If 

ST  =  TS  ,  then  S  +  T  is  pseudonormal.  If  in  addition 

,  m  nN  ,  mf  nT  v  '  ,  ,  ,  _  .  „  „  _ 

(u  v  )  (u  v  )  are  hermitian  for  m, n, n?,mT  =  0,1,2,..., 

S  S  X  1 

then  S  +  T  and  ST  are  both  normal. 


I 
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Proof: 

Since  S  and  T  are  normal,  they  are  spectra1  (of  scalar  type) 
by  2.5.1  and  so  have  resolutions  of  the  identity  P  (.)  and  P  (.) 

S  X 

respectively.  By  Fuglede's  theorem  (2.5.7)*  since  S  is  normal  and  com¬ 
mutes  with  T,  T  commutes  with  P  (.)  .  Since  P  (.)  commutes  with 

s  s 

T  and  T  is  normal^  it  follows  similarly  that  P  (.)  commutes  with 

s 

PT(.)-  Thus 

2.5.8.X  Ps(-)  PT(.)  =  PT(.)  Ps(-)  . 


Now  by  the  uniqueness  (2.1)  of  u  ,  v  ,  u  ,  v  and  the  spectral 

S  S  1  X 

representations  (2*5.1); 


T  =  f  *  PT(dX)  , 

•MD  t 


s  = 


H  Pg(dn) 


we  have 


u 

s 


Re  A  Pg(dA)  , 


ImA  Pg(dA) 


where  "Re  A"  and  " ImA"  denote  the  real  and  imaginary  parts  of  A 


respectively. 
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Hence 


u  u  =  f  Re  X  P  (dX)  X  /  Re  n  P(d|x) 
s  T  J o-(s)  S  Jcr! t!  T 


cr(T) 


Thus  if  =  (A.,A^,  .  . .  ,A^)  and  ^  =  (&^, 6^, . . « , 5^)  are  partitions 
of  cr(s)  and  cr(T)  respectively  with  norms,  jjjr^|[  ,  Urt^] 

(see  1.9»10),  then 


u  u  =  lim 
s  T 


rtjJI 


n 


Re  A, P  (A.)  X  lim 
i  s  i  it  it 

11*2 1' “*° 


m 


Re  Hj  PT  (Bj) 


n,m 


lim 


Hence  by  2. 5. 8.1,  we  have 


lim  V  (Re  X  )(Re  jx  )  P  (A  )  P  (6  ) 
*J|  La ,  J  J 


u  um  = 
s  T 


1  im 


JtjJI  “»o 


n,m 

lim  y  (Re  X  )(Re  jx  )  P  (5  )P  (A  ) 
*J-*o  x  Vi 


2"  i,j=l 


1  im 


m 


n 


*2ll-° 


V  Re  (x  P  (6  )  X  lim  Y  Re  X±  P,(A  ) 

M  M"*°  i=i 


=  /  Re  p  P  (dpi )  x  /  Re  A  P  (dA) 
J<r(l)  T  -'cr(s) 


UT  us  * 
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Similarly,  u  vm  =  vm  u  ,  v  um  =  11  v  ,  v  vm  =  vmv 
sT  T  s  ,  sT  T  s  *  sT  T  s 


Thus  we  have 


2 .5.8.2 


u  um 
s  T 


umu 
T  s 


u  vm 
s  T 


vu 
T  s 


v  um 
s  T 


U  V 

T  s 


v  vm 
s  T 


v  v 
T  s 


Nov;  S  +  T  =  (u  +  u  )  +  i(v  +  v  )  .  Thus  by  2. 5. 8. 2  we  have 

s  X  S  X 


(Us  +  V (vs  +  VT) 


U  V  +  U  Vm  +  u  V  +  U  V 

ss  sT  Ts  TT 


v  u  +  v  u  +  v  um  +  vmum 
ss  Ts  s  T  TT 


(vs  +  VI)(us  +  UT}  • 


Since  u  ,  u  ,  v  ,  v  are  hermitian  operators,  so  are  u  +  u  and 
S  X  S  X  s  x 

v  +  v  .  Thus  S  +  T  is  pseudonormal. 

S  X 

For  all  M,N  =  0,1,2,...,  (u  +  u  )^(v  +  v  is  the  sum  of  real 

S  X  S  X 

multiples  of  terms  of  the  form 


m  n  mT  n* 
u  um  v  vm 
s  T  s  T 


,  m  mT  .  .  n  nr  > 
-  (us  vs  ) K  VT  > 


• 
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Since  by  hypothesis  (u™  v™  )  (u,^  v!J:  )  is  hermitian  for  all  m,mT,n,nT  = 
0,1,2,...,  it  follows  that  (u  +  u  )**  (v  +  v  is  also  hermitian 

S  X  S  1 

for  all  M,N  =  0,1,2,...  .  Hence  S  +  T  is  normal. 


ST  =  (u  u 

-  v  v_)  +  i 

(u  +  V  um) 

v  s  T 

s  T 

'  s  T  s  T 

Also  (usuT  -  vsvT) 

and  (usvt 

+  v  u_)  commute  on  account  of  2. 5. 8. 2  . 
s  J. 

Now  for  M,N  =  0,1,2, 

•••'  Kut 

‘  VsVr  (usvt  +  VsUT^  is  the  SUm 

of  real  multiples  of  terms  of  the  form 


Thus  by  our  hypothesis. 


(u  um  -  V  v  )  (u  Vm  +  V  u_) 
'sT  s  T  '  s  T  s  T 


is  hermitian  for  all  M,N  =  0,1,2,...  .  Hence  ST  is  normal. 


2.5.9  Lemma  Let  T  e  B(X)  .  If  T  =  u  +  iv  where  u  and 

v  are  hermitian  operators  in  B(X)  and  M 
is  one  of  a  pair  (M,N)  of  subspaces  of  X 
which  reduces  T  completely,  then 


where  u  L,  and  v 
•M 

in  B(M)  . 


are  both  hermitian  operators 


Proof : 
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By  1.5, 


X  =  M  0  N  . 


Also  M  and  N  are  both  invariant  under  T  and  so 
both  defined.  For  arbitrary  x  e  X  ,  we  can  write 


x  =  x^  +  x^  ,  where  x^  €  M  ,  x^  e  N 
Hence  Tx  =  Tx^  +  Tx^  and  so,  since  x^  e  M  and  x^ 


ux  +  ivx  =  T [M  Xx  +  T  |N  x2  . 


If  x  €  M  f  then  x1  =  x  and  x„  =  0  and  so 


ux  +  ivx  =  T  L,  x  +  T  L  0 
'M  lN 


=  TIMX  • 


Thus 


ulM  x  +  ivlM  x  =  TIM  x  • 


This  holds  for  arbitrary  x  e  M  ,  and  so 


TU  “  UIM  +  iv  lM 


Now  W[u|^}  and  W[v|^}  are  subsets  respectively  of 


T|„  and  TIn  are 


e  N  we  have 


W(u)  and  W(v) 


and  since  both  of  these  are  real  on  account  of  the  hermiticity  of  u 
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and  v  ,  it  follows  that  W(u|^}  and  W{v|^}  are  both  real. 

Thus  T  L ,  =  uL,  +  iv  L,  ,  where  ul  and  vl  are  hermitian  operators 

'M  lM  7  'M  'M 

in  B(M)  . 

$ 

2.5.10  If  T  e  B(X)  is  normal  and  M  is  one  of  a  pair  of 

subspaces  of  X  which  reduces  T  completely,  then 

T  L,  is  also  normal. 

'M 

Proof: 

Let  T  =  u  +  iv  ,  where  uv  =  vu  and  umvn  are  hermitian 
operators  for  m,n  =  0,1,2,...  . 

By  2.5«9>  we  have 

TIM  =  uIm  +  1vIm  '  where  UIm  and  VIm 

are  hermitian  operators  in  B(M)  .  Since  uv  =  vu  ,  we  have 

\ 

(uv) |M  =  (vu)  |M  . 


Thus 


Also  (umvm)  |  =  (u  |M)m  (v  |  j^)n  are  hermitian  for  m,  n  =  0,1,2,...  . 

Hence  T[  is  normal. 


2,5.11 


The  limit  in  the  uniform  operator  topology  of  a  sequence 
of  normal  operators  is  normal. 
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Proof: 

Let  T  be  normal  for  each  n  and  suppose  that 

n 

s  t 

We  can  write  T  =  u  +  iv  where  u  v  =  v  u  and  u  v 

nn  n  nnnn  nn 

hermitian  for  all  s,t  =  0,1,2,.,.  . 


By  an  argument  similar  to  that  used  in  the  proof  of  lemma  2. 


u  and  v  converge  to  u  and  v  which  commute.  Also 
n  n  o  o 

s  t 

T  =  u  +  iv  .  Since  u  v  is  hermitian,  it  follows  that 
o  o  n  n  7 


s  t 
u  v 
o  o 


lim 

n  ->  cc 


s  t 
u  v 
n  n 


all  s,t 


0,1,2,...  . 


T  —>  T  . 
n 

are 

50, 


is  hermitian  for 


Thus  T  is  normal 
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CHAPTER  III 


HYP0N0RMAL  OPERATORS 


3 . 1  Definition 

An  operator  T  €  B(x)  will  be  called  hyponormal  if  and  only 

if 

3.1.1  T  can  be  written  in  the  form  T  =  u  +  iv  ,  where  u 
and  v  t  B(X)  and  are  hermitian  operators. 

3.1.2  W{i(uv  -  vu)}  >  0  ,  where  W  is  the  numerical  range 
with  respect  to  some  semi-inner  product  on  X  . 

3.1.3  For  any  subspace  M  of  X  which  is  one  of  a  pair  that 
reduces  T  completely,  we  have  (T  -  Al) is  spectro- 
normaloid  for  A  =  0  or  A  €  cr(T)  the  spectrum 

of  T  . 

3.2  Some  comments  on  the  definition 

3.2.1  The  condition  3.1*2  always  makes  sense  because  I.  Vidav 
[19,  p.  123]  has  shown  that  if  u  and  v  are  hermitian 
then  so  is  i(uv  -  vu). 

3.2.2  Since  a  Banach  space  can  in  general  be  made  into  a  semi- 
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inner  product  space  by  the  introduction  of  any  one  of 
infinitely  many  semi-inner  products  on  X  ,  we  must 
show  that  the  condition  1.2  is  independent  of  the 
semi-inner  product  we  use  on  X  .  Let  T  =  u  +  iv  , 
where  u  and  v  are  hermitian  operators  in  B(X)  , 
satisfy  ^.1.2  with  respect  to  some  semi-inner  product 
[ •, * ]  on  X  .  Then 

W{i(uv-vu)}  =  [[i(uv-vu)x,x]  :  ||x||  =  1}  >  0 

Let  be  any  other  semi-inner  product  on  X  and 

let 

W^ifuv  -  vu)}  =  {[ i (uv  -  vu)x,x]1  :  ||x||  =  1)  . 

By  1.3.1,  we  have 

O',  [i(uv  -  vu)}  =  Z  W{i(uv  -  vu) }  >  0  , 

where  ^  denotes  convex  hull. 

Hence  W^(i(uv  -  vu)}  >  0  . 

Thus  if  T  satisfies  ^,1.2  for  one  semi-inner  product 
on  X  ,  then  it  satisfies  it  for  any  other  semi-inner 
product . 

If  X  is  a  Hilbert  space,  the  condition  ^.1.2  is 

*  * 

equivalent  to  the  condition  T  T  -  TT  >  0  • 


3-2.3 


4 
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Proof : 

Since  X  is  a  Hilbert  space,  there  is  a  unique  semi-inner 
product  on  X  (see  1.2.5)  namely  the  inner  product.  Thus  condition 
5.1.2  is  now 

5. 2. 5.1  {(i[uv  -  vu]x,x)  :  ||x||  =  1)  >  0  . 

Let  z  e  X  be  arbitrary.  If  z  =  0  ,  then  we  have 

5. 2. 5. 2  (i[uv  -  vu]z,z)  =  0  . 

If  z  ^  0  ,  it  is  easily  verified  that  3*2. 3*1  leads  to 

(i[uv  -  vu]z,z)  >0  . 

Thus  by  3*2. 3*2  we  have 

(i[uv  -  vu]x,x)  >  0  for  all  x  e  X 

Conversely  if  (i[uv  -  vu]x,x)  >  0  for  all  x  e  X  ,  then 
(i[uv  -  vu]x,x)  >  0  for  all  x  such  that  ||x||  =  1  . 

That  is  [ (i[uv  -  vu]x,x)  :  ||x||  =  1)  >  0  .  Thus  if  X  is  a  Hilbert 
space,  the  condition  3.1.2  is  equivalent  to 

3. 2. 3. 3  ((i[uv  -  vu]x,x)  :  x  e  X)  >  0  . 

Since  X  is  a  Hilbert  space,  every  T  €  B(X)  can  be  written  T  =  u  +  iv  , 
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where  u  and  v  <c  B(x)  and  are  hermitian  operators.  Then  T  =  u  -  iv. 

*X- 

Hence  T  T  -  TT  =  2i(uv  -  vu)  .  Thus  since  T  satisfies  3*1*2  if  and 
only  if  it  satisfies  3. 2. 3. 3,.  we  have 

{( [T*T  -  TT*]x,x)  ;  x  e  X)  >  0  . 

^  y 

Hence  T  T  -  TT  >  0  . 

3*2.4  If  X  is  a  Hilbert  space,  then  condition  3,1.2 
implies  condition  3*1*3* 

Proof: 

* 

By  3.2*3,  the  condition  3*1*2  is  equivalent  to  T  T  -  TT  >  0  • 
This  condition  in  a  Hilbert  space  is  equivalent  to  the  hyponormality  of 
T  according  to  the  usual  Hilbert  space  definition  of  hyponormality, 

(see  1.14.1). 

By  1.14.2,  T  -  A  is  thus  hyponormal  for  all  complex  A  and  hence  in 
particular  for  A  =  0  or  A  €  cr(T)  . 

If  M  is  one  of  a  pair  of  subspaces  of  X  which  reduces  T  completely 
then  M  is  invariant  under  T  -  A  and  since  T  -  A  is  hyponormal, 
we  have  by  1.14.1  that  (T  -  A  )  |M  is  hyponormal.  Hence  by  1.14.3, 

IK*  -  *)|MII  -  r[(T  -  X)|„]  • 


The  condition  3.1.2  thus  implies  3.I.3. 
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3.2.5  If  X  is  a  Hilbert  space,  then  the  definition  of  hypo- 

normality  in  3*1  is  equivalent  to  the  usual  Hilbert 
space  definition. 


Proof: 

This  follows  readily  from  3*2.3  and  3*2.4. 

3«3  Some  properties  of  hyponormal  operators 

3.3.1  If  T  €  B(X)  and  is  hyponormal,  then  so  is  AT  for  all 

complex  A  .  If  A  e  cr(T)  ,  then  T  -  A  is  also 
hyponormal . 

Proof! 

Let  T  =  u  +  iv  ,  where  u  and  v  are  hermitian  operators 
in  B(x)  and  W[i(uv  -  vu)}  >  0  . 

Let  A  =  A^  +  iA^  ,  where  A^  and  A^  are  real.  Then 

AT  =  (A^  +  iA2)(u  +  iv) 

=  (AjU  -  A2v)  +  i(AjV  -f  A2u)  . 

Since  u  and  v  are  hermitian  operators,  so  are  A^u  -  AgV  and 
Aiv  +  A2u  .  Now 
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w{i[(\u  *  ^2V)(\V  +  -  (A^v  +  \u)(\u  -  A2v)]j 

=  W{i[A^  +  A2)(uv  -  vu)]) 

=  (A^  +  Ag)  W(i(uv  -  vu))  >  0 

Since  T  is  hyponormal,  we  have  by  definition  that  if  M  is  any  one 
of  a  pair  of  subspaces  that  reduces  T  completely,  then 

IK*  '  VW  =  r^T  ‘  VU  £or  \  =  0  or  A  €  ^  • 

Let  p  =  0  or  p  e  (j(At)  . 

Then  we  can  write  p  =  AA  .  Hence 

o 

*{(**  -  lO|H)  -  'CO*  *  *VU 

-  N  rf(T  -  V  U 

-  n  •  ii(*  -  vyi 

-  IK**  -  aao)|m|| 

-  HCwc  -  n)  |K|(  • 

Thus  AT  is  hyponormal. 

Now  T  -  A  =-  (u  -  A^)  +  i(v  -  Ag)  .  Clearly  u  -  A^  and  v  -  Ag  are 


hermitian  operators  and 
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w{i[(u-\)(v  -  \)  -  (v  -  A2)(u  -  A1)]} 

=  W(i(uv  -  vu) }  >  0 

Let  p  =  0  or  p  e  cr(T  -  A)  .  Then  since  A  e  (t(T)  we  can  write 

p  =  A  -  A  ,  where  A  e  cr(T) 
o  o 

Thus  [(T  -  A)  -  ji]  |M  =  [T  -  A  -  (Aq  -  A)]  |M 

=  (T  -  A  )  |  . 

o  ‘M 

Hence,  since  T  is  hyponormal  and  Aq  e  cj(t)  ,  we  have  by  that 

r([(T  -  A)  -  n  ]|M}  =  ||[(X  -  A)  -  n]|H|| 
for  p  =  0  or  p  e  d(T  -  A) 

This  shows  that  T  -  A  is  hyponormal. 

If  T  e  B(X)  and  is  normal,  then  it  is  hyponormal. 

Proof t 

m  n 

Let  T  =  u  +  iv  where  uv  =  vu  and  u  v  are  hermitian 
operators  for  m,n  =  0,1,2,...  . 

Then  W (i (uv  -  vu)}  =  W{0}  =  0 

Since  T  is  normal,  so  is  T  +  A  for  all  complex  A  (see  2.5.2).  In 

particular  T  -  Aq  is  normal  for  all  Aq  =  0  or  Aq  e  cj(t)  .  Thus 
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by  2.5  .10,  if  M  is  any  one  of  a  pair  of  subspaces  of  X  which  reduces 
T  completely,  then  (T  -  X  ) is  also  normal.  Hence  by  2. 5. 3* 

(T  -  Aq) |  is  spectro-normaloid . 

Thus  T  is  hyponormal. 

50.5  If  T  €  B(X)  and  is  hyponormal  and  M  is  any  one  of  a 
pair  of  subspaces  of  X  which  reduces  T  completely, 
then  T  [  is  hyponormal . 

Proof; 

Since  T  is  hyponormal,  we  can  write  T  =  u  +  iv  ,  where 
u  and  v  are  hermitian  operators  in  B(x)  such  that 

W(i(uv  -  vu ) }  >  0  . 

Since  M  is  one  of  a  pair  of  subspaces  that  reduces  T  completely,  we 
have  by  lemma  2. 5. 9*  that 

tIm  =  uIm+1vIm  where  uIm  and  vIm 

are  hermitian  opeators  in  B(M)  . 

Now  W{i(u|M  v|M  -  v|M  u|M)) 

=  W[i(uv  -  vu)  |M)  >  0 

since  W(i(uv  -  vu)  |  }  is  a  subset  of  W(i(uv  -  vu))  . 

Let  N  c  M  be  any  one  of  a  pair  of  subspaces  of  M  which  reduces  T I 

•  M 
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completely.  Then  clearly  N  is  one  of  a  pair  of  subspaces  of  X  which 
.reduces  T  completely.  Also  for  any  A  , 

(T  -*)!„-  f(T  -A)  |M)|„  - 

Since  T  is  hyponormal,  (T  -  A) is  spec tro-normaloid  for  A  =  0 
or  A  e  c(t)  .  Hence  (T -  A) is  spectro-normaloid  for  A  =  0 
or  A  £  cr(T)  .  Thus  in  particular  (T  A)  is  spectro-normaloid 
for  A  =  0  or  A  e  cr(T[^)  c:  <j(t)  .  Thus  T  is  hyponormal. 

The  only  generalised  quasi-nilpotent  hyponormal 
operator  in  B(x)  is  the  zero  operator. 


Proof: 

Let  T  be  a  generalised  quasi-nilpotent  hyponormal  operator 
in  B(X).  Then  r(T)  =  0  . 

Since  T  is  hyponormal,  we  have  by  that  if  M  is  any  one  of  a 

pair  of  subspaces  of  X  which  reduces  T  completely  then  (T  -  A) 
is  spectro-normaloid  for  A  =  0  or  A  €  cr(T)  .  Let  us  choose  M  =  X 
and  A  =  0  . 

Then  we  have 

||T||  =  r(T)  =  0  . 


Thus  T  =  0  . 
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3*3*5  Let  T  be  a  hyponormal  operator  in  B (X)  .  If  Aq  is 
an  isolated  point  of  cr(T)  ,  then  Aq  €  Pcr(T)  ,  Also 
the  subspace  M(A  )  =  [x  e  X  :  Tx  =  A  x)  is  one  of  a 


pair  which  reduces  T  completely,  and  T  ^  i 

normal . 


is 


Proof : 


Since  A^  is  an  isolated  part  of  o~(t)  ,  it  follows  by  the 

decomposition  theorem  (see  1.6)  that  there  exists  a  subspace  M,,  of 

*•  o  ^ 

X  which  is  one  of  a  pair  which  reduces  T  completely  and  is  such  that 


a(T| 


)  -  PU  • 


V0)'  1  ° 


A1 


so  by  3*5*3  »  T  L,  is  hyponormal.  Hence  T  L_ 


-  A  is 


l(A0) 

hyponormal  by  3*3*1  since 


£V 


o 


Now 


\  €cr£TU  ) 


-  K) 


=  fcr(T|  )  -  A  ) 

V)  ° 


=  [A  -  A  ) 

u  o  o 


-  (o)  • 
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Hence 


r  {T  |  -  A  }  =  0 

V)  ° 


Thus  T  -  Aq  is  a  generalised  quasi-nilpotent  hyponormal  operator 


Hence  by 


T  L,  -  A  is  the  zero  operator  in  B(M,~,  ) 

,Mpg  °  W 


Thus 


T  L ,  x  =  A  x  for  all  x  e  Mr, 

V0)  ° 


Using  theorem  1.6  we  in  fact  have, 


M(a  }  =  (x  e  x  :  Tx  =  Aqx}  =  M(Aq) 

Since  by  1.6  is  non-trivial,  there  is  some  x  ^  0  in  M(A  )  . 

*•  O'* 

Hence  A  £  Pcr(T)  . 
o  v  ' 

Since  T  is  hyponormal,  we  can  write  T  =  u  +  iv  where  u  and  v 
are  hermitian  operators  in  B(x)  . 

Since  M(Aq)  is  one  of  a  pair  of  subspaces  which  reduces  T  completely 
we  have  by  lemma  2.5*9;  that 


TIm(A  )  '  uIm(A  )  +  Hm(A  ) 


where  u  ^  and  ^  are  hermitian  operators  in  B[M(Ao  )]  . 


' 

' 
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For  ||x||  =  1  and  x  e  M(Xo)  we  have 


tT  Im(A  )x’x]  -  [uIm(A  )x’x]  +  i[vlM(A  )X’X] 


Hence 


[AoX,x]  =  [u|M(^)X,x]  +  i[v|M(A^)x,x]  ,  since  X^j  =  Aq 

Let  X  =  X.  +  iX~  ,  where  X-  and  X0  are  real.  Then 

o  1  2  ’  1  2 

[(ulM(A  )  '  Vx»x]  “  i[<A2  -  VIM(A  ))x'x]  • 

v  o  o' 

But  u  ^  —  X^,  and  X^  -  v|^-^  ^  are  both  hermitian  operators  in 


B[M(X  )]  and  so 


t(ulM(A  )  ■  Al)x'x]  and  KA2  -vIM(A  ))x'x] 


are  both  real. 


It  follows  then  that 


[  (u  l„(A  )  •  Vx’x]  =  0  =  [(^2  -  VIM(A  px'x] 


But  by  [2,  p.  3 36], 


uIm(a  )  ■  AJ  ^ 4  sup  (M  ;  ^ £  wmM(a  )  -  v} 


Hence 


uIm(A  )  -  A1 


-  x  J  =  0  . 


That  is 
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UIm(Aq)  A1IIm(Ao)  * 

Similarly, 

VU(A  )  =  \I  Im(A  )  ‘ 

v  o  o 

Hence 


uIm(A  )  VIm(A  )  "  A1X2IIm(A  )  “  VIm(A  )  Ul 


M(Aq)  'M(Ao)  - 


Also 


-CulM(X0)^m  Cv|M(Xo))n  “  xr  X2.  iIm(Xo) 

is  a  hermitian  operator  in  B[M(Aq)]  for  all  m,n  =  0,1,2,...  . 

Thus  T  [  \  is  normal. 

'  o 

3.3*6  Let  T  be  a  non-zero  hyponormal  operator  in  B(X) 

If  cr(T)  contains  exactly  one  cluster  point,  then 
T  is  normal. 


Proof. 

Without  loss  of  generality  we  may  assume  that  the  single  cluster 
point  in  cr(T)  is  0  ,  for  if  the  cluster  point  n  ^  O',  we  may 
consider  in  place  of  T  ,  the  operator  T  -  which  is  also  hypo- 
normal  by  3*5*1  and  has  0  as  the  single  cluster  point  in  its  spectrum. 
Since  T  is  hyponormal,  it  is  spectro-normaloid  by  3*1*5* 
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Hence 


||T||  =  r (t)  =  max{|A|  :  A  e  or(T)} 


Let 


|A^|  =  max  {  |A  |  t  A  e  <t(t)} 


Then 


I  =  M  /  0  . 


Since  A^  f  0  ,  it  is  an  isolated  point  of  ct(t)  .  Hence  by  3»3»5> 
Ax  e  Pcr(T)  . 


Let 


=  [x  e  X  !  Tx  =  A^x} 


Then  since  A^  €  Pcr(T)  ,  is  non-trivial.  Furthermore,  by  3*3*5j 

is  one  of  a  pair  of  subspaces  of  X  which  reduces  T  completely 
and  T is  normal.  Thus  if  is  the  other  member  of  the  pair  of 

which  is  one,  then  by  1.5  we  also  have 


X  = 


Hence  by  1.6, 


cr(T|  )  =  o-(T)  -  [Xx} 


1*2 1  =  :  *  e  o-(T|n  )} 


Let 
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Then 

IN  \<\\\ 


Also  is  one  of  a  pair  of  subspaces  which  reduces  T  , 

3.3*3>  T  |  is  hyponormal.  Thus 

W1 


tIn  II  =  r(TlN  )  =  IN, I 


N. 


Define 


and  so  by 


^  =  [x  €  Nx  :  T|  x  =  Agx) 
=  [x  €  X  :  Tx  =  A^x] 


Applying  5*3*5  again,  is  one  of  a  pair  of  subspace  (M^N^)  of 

N  which  reduces  T|  completely  and  (T [  )|  =  T |  is  normal. 

1  Nx  N1  ^2  ^2 


Thus  we  have  X  =  ©  Mg  ©  .  Also  by  3.3.3,  (T  |  ) |N 

X  4 

is  hyponormal  and  by  1 .6y 


0-(T|H  )  =  0-(T|  )  -  [X2] 

=  cr(T)  -  [AJ  y  [X2] 

Let 

IN*  I  =  max  {  |X  |  t  A  €  cr(T  [  )} 

J  l2 

Then 


l\l  >  l\l  >  |x  l 


Define 
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=  (x  e  N2  *•  TIn2  X  =  V5 

=  fx  e  X  :  Tx  =  A._x}  y  by  1.6  . 

'  3 

We  now  repeat  the  argument  used  twice  already. 

At  the  n^  step  we  shall  obtain  X  =  0  ©  ...  ©  Q  , 

where  T  L,  is  normal  for  each  i  and  T  LT  is  hyponormal  with 

1 1 N  J 


n 


liT  lN  II  =  l\+1l  =  ®ax  (N  :  X  6  a(l|N  ))  . 

n  n 


Also 


T||  -  l\l  >  \\  \  >  ■■■  >  \\+l  \  > 


0 


Thus  (^n}n  i  is  a  sequence  in  c(T),  a  compact  set,  and  so  contains 
a  convergent  subsequence.  This  subsequence  can  only  converge  to  0  . 
The  fact  that  [AjJ  >  |  >  ...  >  |An|  >  ...  then  implies  that  {A^}*^ 

converges  to  0  ,  since  0  is  the  only  cluster  point  in  c(T)  .  Thus 


A  0  as  n  -*  oo  . 
n 


Since  T  L,  is  normal  for  each  i  ,  so  is  T 
Let  us  define  an  operator  T^  :  X  -* X  where 


\  e  •  •  .  €>  Mn  ' 


T  x  = 
n 


©  ^2  0  ...  0  Mnx  x  e  0  M,2  ©  .  .  .  ©  Mn 


if  x  {  ^  0  ©  •  *  •  ©  Mn 


:  X  ->X  where 
n 


Let  us  also  define  an  operator 


-  56  - 


Now 


,  tIn  x 

l#x=  I  n 

n 


if  x  e  N 


n 


.  if  x  i  N 
f  T  n 


llTfll  =  SUP  {11^  xll  t  x  e  X  and  ||x||  =  1) 


=  SUP  [llT  |N  x||  t  x  e  Nn  and  ||x||  =  1) 

=  llT 


n 


N 


n 


Also 


T  -T||  =  sup  [||T  x  -  Tx ||  :  x  e  X  and  ||x||  =  1} 


=  sup  [  l|Tnx  -  Tx  [|  !  x  ©  ...  ©  and 


Let  x  €  X  .  Then  x  =  ,  where  y^  e  0  ©)...© 


y2  €\ 


Now  T"  x 
n 


t  yl  +  t  y2 


tIN  ^2 

n 


Also  T  x  =  T  y.  +  T  y_ 
n  n'  1  nJ  2 


■  Vl  * 


Hence 


Yl  X  +  V  "  TIn  y2  +  Tnyl 

n 


=  Iy2  +  Tyt 


11*11  =  1} 
and 


=  Tx 
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Hence  T  x  -  Tx  =  -T^  x  and  so 
n  n 

||T  -T  ||  =  sup  [||T^  x  ||  *.  x  Q  ©  . . .  ©  and  ||x||  =  1) 

<  sup  {||T^||  *  ||x ||  :  x  {  Q  Mg  Q  . . .  0  Mn  and  ||x||  =  1) 

=  llifll 

-  IUIH  II 

n 

■  IVi  I  • 

Hence 

Um  ||Tn  -  X||  =  lim  |A  |  =  0  . 

n  ->  oo  n.  — >  oo 

Thus  T  is  the  limit  in  the  uniform  operator  topology  of  the  sequence 
^  of  normal  operators  in  B(X)  .  It  follows  by  2.5.11,  that 
T  is  normal. 


Corollary  I 

If  T  is  a  hyponormal  completely  continuous  operator  in  B(X) 
where  X  is  infinite  dimensional  and  Pcr(T)  is  infinite,  then  T  is 
normal . 

Proof: 

Since  T  is  completely  continuous  and  X  is  infinite 
dimensional,  we  have  by  theorem  5»5“F  and  5»5“G  in  [18,  p.  281-282] 


that 
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(i)  0  €  <t(t) 

(ii)  Pct(t)  contains  at  most  a  countable  set  of  points  with  0 
as  the  only  possible  cluster  point. 

Since  by  hypothesis  Pcr(T)  is  infinite,  we  have  by  (i)  and  (ii) 
and  the  compactness  of  cr(T)  that  0  is  the  one  cluster  point  of 
a(T)  ,  Thus  by  3»3*6,  T  is  normal. 


Corollary  II 

If  T  €  B(x)  is  hyponormal,  where  X  is  finite  dimensional 
and  0  e  cr(T)  then  T  is  normal. 

Proof : 


With  the  same  notation  as  in  the  proof  of  3.3.6,  we  have 
llTn~Tll  <  l\+i  I  for  some  n  . 

Since  X  is  finite  dimensional,  every  operator  T  e  B(x) 
is  completely  continuous  [see  p.  285,  problem  1,  18], 

Also  Pct(t)  =  <t(t)  .  Since  0  e  cj(t)  =  Pct(t)  ,  there  is  an  n  such 

that  X  ,  =  0  .  For  this  n  ,  we  have 
n+1  7 

||Tn-T||  -  0  . 

Hence  T  =  T  . 

n 

Since  T  is  normal,  it  follows  that  T  is  also  normal, 
n  7 


' 
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3.3*7  Not  every  hyponormal  operator  is  normal. 


Proof; 


We  shall  exhibit  a  counter  example.  Take  x  =  Jf(n)  ,  n  >  3> 

then  the  matrix 


CU,  c12,  ...  cln 

H 

04 

o 

c  = 

• 

• 

• 

c  c 

nl  nn 

is  a  linear  operator 

on  i f (n)  and 

"c"  ■ .  <7< .  { I  |c«'} 

—  —  a=l 

Let 

n 

v  1  c«p 

a=l 


where  the  c  n  are  non-negative  real  numbers.  Consider  the  matrix 
ap 


M  =  (c 


ap 


+ 


1&ap[S3 


f 
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whose  (a,  B  )t^ri  element  is  c  -  +  iB  n  [  sn -cni_  ]  where  i  =  \T-T  and 

'  ap  ap  p  pp 

6  „  is  the  Kronecker  delta. 

a(3 

Let  t  be  a  real,  positive,  small  number.  Then  if  I  is  the  identity- 
operator  on  ^'(n)  ,  we  have 


I  +  it  M||  =  11(6^  +  it[Cap  +  i5^{sp-cpp)]<)|| 


n 


max 

1  <  P  <  n 


IV  lSaP  +  it[cap  +  i5aPCsp-CW}]l 

a=l 


Now 


n 


Y  1 6'  +  it[c  n  +  15  0(s  ~C  )]  I 

1  ap  L  Vp  apv  P  pp;  1 


a=l 


n 


=  ^  litcapl  +  I1  +  it[cpp  +  ^V^p”1 


a=l 

a4P 


”  fc(Sp~Cpp)  +  (Sp"Cpp) ]  +  t  Cpp 


+'/l-2‘(Vcpp)  +  t2{cpp  +  (Vcpp)2} 


^VW  +'A-2t(s(rcpp  -  t  f}  , 


where  L  «  +  (Sp-c^)2  • 
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t^sp“cpp^  +  1  +  2  t'2tfsp~c3P  "  1  2^ 

2  '  (gi  ~  2  L  2 

+ - - -  4t  { VCW  -  c  2^  + 


=  1  +  o(t)  as  t  -»  0  ,  for  all  |3  . 


Thus 


n 


max 

1  <  P  <  n 


l5aP  +  it[ca(3  +  iBaP  ^  '  Cpj3^l  J 


V 


a-1 


=  1  +  o(t )  as  t  ->  0 


Thus  [|l  +  it  M j[  =  1  +  o(t)  as  t  ->  0  .  Hence  by  1.4.1,  M  is  a 
hermitian  operator  in  i*(n)  . 

Written  out  in  the  usual  way  M  is 


n 


CU  +  1  )  cal  ’ 

cS 


12 


n 


'21 


C22  +  1  /  Ca2  9 

cfci 

a=|2 


'31 


'  32 


nl 
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It  is  easily  checked  that  the  matrix  obtained  from  M  and  shown  below 
is  also  a  hermitian  operator  on  n)  : 


N  = 


n 


C11  +  1  ^  Cal  ’  lc12 

a=2 


ic 


21 


ic 


ic 


31 


kl 


n 


f  c^0  +  1 


'22 


'a2  ' 


a=l 

a42 


'  iC32 


’  ic42 


Now  we  consider  the  operator  T  =  M  +  iN  on  i’(n)  .  We  have 


M+  iN 


n 


('ll  +  1  X  Cal)(1+i)  » 

a=2 


n 


)  (°22  +  1  )  ccx2^1+i^  9 


a=. 

a--[2 
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where  the  off-diagonal  elements  all  vanish. 
Let  us  define 


n 


'00 


cw  +  i 


a=l 


*a,0 


Cap  -  cap  >  for  a  4  0 


Then  M  =  (C  0 )  and 
v  a0' 


N  = 


Cll'  iC12  ' 


iC2l’  °22  9 


Hence  the 


element  in  MN  is 

n 


X  iCarCr0  +  Ca0C00 

r^l 

r4P 


th 


Also  the  (a,0)  element  in  NM  is 


-  64  - 


n 

l 

r=[a 


iC  C  _  +  C  C  Q 
ar  rp  axx  ap 


th 


Hence  the  (a, P)  element  in  MN  -  NM  is 


n 


1  7  CarCrp  '  1CapCpP  +  CapCpP 


r=l 


n 


-  i  >  C  CD+iC  C  n  -  C  C 
/_ a,r  rp 


aa  ap  aa  ap 


r=l 


Cap(Cpp  -  C«a)(1-1) 

Cap(cpp  •  Caa)(l'l)2 


Thus  MN  4  NM  unless  C  =  0  or  c  =  c_„  for  a  4  P 
‘  ap  aa  pp  ‘ 

Hence  as  long  as  we  do  not  satisfy  these  conditions  we  can  be  sure 
that  MN  4  NM  and  hence  that  T  =  M  -f  iN  is  not  normal.  Now  the 
(a^P)^  element  of  the  Hermit ian  operator  i(MN  -  NM)  is 


i(l-i)  C  „(c  -  c  )  =  2C  R(c  -  c  ) 

v  '  aP'  pp  aa7  aP v  pp  aa 


Hence  if  x  =  [x^ xg,  .  .  . , x^J  ,  y  =  [y^y^  . . .  ,yR)  and 
y  =  i (MN  -  NM)x  ,  then 
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n  n 

ya  =  2  V  Cap(cpg-caa)xp  =  2  ][  CaP(cp0-Caa)x0 

P=1  P=1 

Now  let  [*,•]  be  a  given  semi-inner  product  on  X  .  Let 
where  ||x|[  =  1  .  Then  [y,x]  is  a  linear  function  of  y  , 
such  that 

If  II  =  IWI  =  i  • 

Thus  we  can  write  [see  18,  page  ^7] 


[y,x]  =  f(y) 


-  f  • 

a=l 


where  6  is  the  unit  vector  in  X  with  1  for  its  a 


Hence 


n 


n 


[i(MN-NM)x,X]  =  2  £  f(Sa)  •  ^  cap(cP|3-CaaH 


a=l 


P=1 


Let 


f(6a)  =  F  +  i  G 
'  J  a  a 


+  i  m. 


x  e  X 

say  f(y)  , 


component . 
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Then  since  [  i  (MN-NM)x,x]  is  real,  we  must  have 


n  n 


[  i  (MN-NM)x,x] 


CaP(cp3-CcJ(FaVGaV 


Now 


lFaVGampl  ^  2  IV  •  l^^l 

<  2  11*11  •  l|f  II  •  ll&a|| 


Hence 


-2  <  F  i  -G  m  <2  for  all  a  and  0 
—  a  0  a  0  — 


Let 


m  = 


inf  (F  i.-G  m  ) 
d  CL  P  CL  0 
a,0 


Then  -2  <  m  <  2 


(i)  Suppose  m  >  0 


For  each  0  ,  choose 


'a0 


0  ,  if  a  <  0 
a+0  -2 


ar 


,  0  <  r  <  1,  a  >  0  ,  if  a  >  0  . 


With  this  choice  of  c  0  we  have  MN  4  NM  and  so  T  is  not  normal 

a0  1 


Now  we  have 


n 


[i(MN-NM)x,x] 


=  2 


I 


(X^l  P<JX 


2  a+3-2,  2^-2  2a-2 

a  r  (r  '  -r 


)(V3-Gamp 


Since  0  <  r  <  1  y  we  have 


23 -2  2<x-2 

r  -r 


>  0 


for  3  <  a« 


Thus  since  in  <  F  i  -G  in  for  all  a  and  3  »  it  follows  that 

—  a  3  cl  3 


n 


[  i(MN-NM)x,x]  > 


2*m 


2  a+3-2,  23-2  2a-2x 

a  r  (r  -r  ) 


a=l  3<a 


>  0 


Since  x  is  arbitrary  with  |[x||  =  1  y  we  have  thus  shown  that 
T  =  M  -f-  iN  is  not  normal  and  W{i(MN-NM)}  >  0 


(ii)  Suppose  m  <  0  . 
For  each  3  f  choose 


y  if  a  =  3 

if  a  ^  p  ,  cc>3,  3  >  3 


C12  > 


C21  > 


With  this  choice  we  have  MN  =  NM  so  that 


Wfi(MN-NM))  =  0  . 


68  - 


We  shall  show  that  T  =  M  +  iN  is  not  normal  because  is  not 

hermit ian  . 


Hence 


C21^C12_C21^ 


1C12('C21+C12^  ’ 


C21+C 


C12^C2l‘C12^  ' 


0 


Hence 
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Hl+ltM2 1|  =  max  </ 


2l/C12'C21^  1 

+  tc21^c21+c12 

12^C2l'C12')  1 

+  tC12(c21+C12 

1  , 


f  l+o(t)+tc21(c21+c12)  ,  as  t  -> o 


max  /  1+0^t^+tc12^C21+C12^  '  as  fc^° 
l+o(t)  ,  as  t  ->  o 


Since  cgl  >  0  ,  clg  >  0  , 


||X+itMS||  4  l+o(t)  as  t 


Hence 


M2 


is  not  hermitian. 


Thus  by  a  suitable  choice  of  the  c  ,  we  can  ensure  that 

ap 

T  =  M  +  iN  is  not  normal  and  W[i(MN-NM)}  >  0  . 

Now 

T  =  M  +  iN 


(l+i)Cu  , 


(l+i)C££  , 


o 


o 
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Suppose  is  a  pair  of  subspaces  of  X  which  reduces  T 

completely. 

Then  X  =  0  . 

We  may  assume  without  loss  of  generality  that  is  spanned  by 

5,1  5,2  k 

5  ,6  , . . . ,5  .  Then 


(l+i)Cu, 


>  (1+i)C22  > 


* 


)  (1+1)Ckk  » 


Thus 


if  A  =  0  or  A  e  cr(T)  , 

||(T-7v)|  [|  =  max  {|(l+i)C  -X|} 

1  1  <  a  <  k 


=  max  [  |A | :A  e  Pcr{(T-A)  |  }] 

S1 


=  max  [|X|:  ^  e  <r{(T-A)  |s  ]] 


=  rC(T-A) [  ) 

S1 


4 
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Similarly  we  can  show  that  for  A  =  0  or  A  e  ct(T)  , 

ll(T-A)  |  II  =  r{(T-A)  I  }  . 

2  2 


This  shows  that  T  =  M  +  iN  is  hyponormal  but  not  normal. 
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